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e The Condorcet Jury Theorem (CJT) says that majority vote converges in
probability to the correct answer as the population becomes large.

e The Wisdom of Crowds (WoC) Principle says that, if a large number of
people estimate some numerical quantity, then the average of their
estimates will converge, in probability, to the true value.

Problem: These results assume the voters are stochastically independent.
This is obviously unrealistic. First, the voters are subject to common
influences (e.g. newspapers). Second, they influence one another (e.g.
through discussion).

Goals: (1) Extend the CJT and WoC to correlated, heterogeneous voters.
(2) Obtain similar asymptotic results (with correlated, heterogeneous
voters) for other epistemic social choice models.

(Previous work on CJT with correlations: by Boland, Prochan & Tong (1989), Berg
(1993,1994,1996), Ladha (1992,1993,1995), Dietrich & List (2004) Kaniovski
(2009,2010), Peleg & Zamir (2012), Dietrich & Spiekermann (2013).)



Plan:

Part I. Mean partition rules.
Part Il. Culture and correlation.
Part lll. Social networks.

Part IV. DeGroot models of social influence.
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» C is the convex hull of V in V.

» F:C—S is a surjective function such that for all s € S, the preimage
set F~1{s} is a convex subset of C.

» Given any profile (v;)icz (where v; € V for all i € 7), the voting rule

. 1
will choose the outcome F n Zv,— .
i€l
Note: If F is injective (so that F~1{s} is a singleton for all s € S), then

the convexity condition is automatically satisfied.
If S is finite, then F defines an S-labelled partition of C into convex subsets.
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Let N > 1, and let S be a convex subset of RV.

Let C =V =S8, and let F,y : C—>S be the identity function.

In this mean partition rule, each voter declares an “ideal point” in S, and
the outcome is the arithmetic average of these ideal points.
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Let (S, d) be a metric space. Let Vg := RS.

For all s € S, define v° := (v{)ies € V, by setting v{ :=d(s,t), Vt€S.
Let Vined := {V°}scs (a subset of V), and let C be the convex hull of V.

Define Fieq : C—S by setting Fied(c) := [the minimal coordinate of c]
for all ¢ € C (with some arbitrary tie-breaking rule).

Idea: Each voter chooses an “ideal point” s in S (represented by v°).
The rule selects the point in S which minimizes the average distance to
these ideal points.

Special cases: (a) If S C R, then this is the classic median rule.

(b) If A is a finite set of social alternatives, and S is the set of preference
orders on A with the Kendall metric, then this is the Kemeny rule.
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Example 5. Any scoring rule
Let S be any set of alternatives.

Let Vip := RS, and let V be any subset of V.
Any vote v = (vs)scs in V) assigns a “score” of vg to each alternative in S.
Let C be the convex hull of V.

Define Fyr : C—S by setting Fyer(c) := [the maximal coordinate of c] for
all ¢ € C (with some arbitrary tie-breaking rule).

The mean partition rule (Vger, V, Fser) is equivalent to a scoring rule.
Any scoring rule can be represented in this way.

All of the examples above are special cases of scoring rules.

Other scoring rules include the Borda rule and the Approval voting rule.
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We cannot assume detailed knowledge of the CBM. We will only suppose
that it arises from some family of CBMs with certain qualitative properties...
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Given a set Z of individuals and a set V of votes, a profile is an element
V = (v;)iez of VI, which assigns a vote v; to each individual i in Z.

Let S be the set of possible states of nature (the true state is unknown).

Definition. A collective behaviour model (CBM) is a function
p: S—AVT). J

Idea: Suppose the true state is s € S.  Then for any profile V € VI,

the probability that we see the profile V,
p(V[s) = | _. . .
given that the true state of nature is s

We cannot assume detailed knowledge of the CBM. We will only suppose
that it arises from some family of CBMs with certain qualitative properties...

Definition. A culture on V is a sequence R = (R;)7; where, for all | € N,
R, is a set of collective behaviour models ranging over V' J

Idea: A culture is not a description of a single society. It is a description of
all possible societies. of all possible sizes.
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We must analyse the possible correlations between voters within a culture...
From now on, let (e, ®) be an inner product structure on the vector space V.
Let / € N. Let p: S—A(V') be a collective behaviour model.

Fix s € S, and let V = (v;)jcz be a p(s)-random profile.

For any i,j € Z, we define the covariance of voters i and j (given s) by
cov(vi,vj) = E[{v; =i, vj —Vj)],

where v; denotes the expected value of v;.

This measures the amount, on average, by which we can expect the errors
of voters i and j to align in same direction in V.

In particular, var[v;] := cov(v;,v;) = E [Hv,- —V,-||2] (the unreliability of /).

The covariance matrix of p(s) is the | x | matrix cov[p(s)] := [b;J]{’jzl,
where, for all i,j € [1...1], bj; = cov(vj,v;).
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Definition. A correlation structure is a sequence B = (B,)?il, where, for
all I € N, By is a collection of | x | symmetric, positive definite matrices.

Let R = (R/)f2, be a culture.
Say that B is the correlation structure of R if, for every | € N, B is the set
of all covariance matrices cov[p(s)], for any p € Ry, any s € S.

Note: For any p € R; and s € S, the matrix cov[p(s)] combines two sorts
of information. Diagonal entries encode the “reliability” of individual
voters. Off-diagonal entries are the correlations between voter errors.

Notation. For any (covariance) matrix B € B, define
/
1
o(B) = 7 Z bij = [average variance of voter errors], and
i=1
/
k(B) := 1 Z b;; = [average covariance between voter errors|
=
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IDENTIFICATION. For any | € N, any p € Ry, and any s € S, if (vj)jez is
a p(s)-random profile, then for all i € [1.../], the expected value of v; is in
F~{s}nc".

Idea: Each individual's actual vote may be incorrect, its expected value is a
good indicator of the true state of nature (once “interpreted” by F).
So each voter gets the right answer “on average”.

CONTINUITY. V has an inner product (e, e), and S has a metric d.

There is a subset C’ C C such that F is uniformly continuous and surjective
when restricted to C’/, with respect to the inner product on V and the
metric on S.

For any s € S, the F-preimage of s inside C’ is convex.

Idea: As long as the average vote v = %ZieI v; is C’ (i.e. most of the
time), a “small” error in V does not become a “large” error in F(V).
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MINIMAL AVERAGE RELIABILITY. There is some constant M > 0 such
that, for any / € N, and any B € B;, o(B) < M.

To understand this, note that is a weak form of the following condition:

MINIMAL RELIABILITY. There is some M > 0 such that b;; < M for all
BeB,aliell...]],and all | € N.

Idea: The variance of an individual's vote distribution is a measure of her
(un)reliability: if the variance is large, then this voter has a high probability
of picking the wrong answer.

MINIMAL RELIABILITY says that all voters meet at least some minimum
standard of reliability.

MINIMAL AVERAGE RELIABILITY is a weak form of MINIMAL
RELIABILITY. But now we allow some individuals to be very unreliable, as
long as the average reliability is good.

Note: If V is bounded (e.g. finite), then MINIMAL RELIABILITY is always
satisfied (since there is some M such that var(p) < M for any p € A(V)).
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ASYMPTOTICALLY WEAK AVERAGE CORRELATION. For any / € N, let
k(1) := sup{x(B); B € B;}. Then lIim k(1) =0, J
—00

This is the key condition. It says that voters’ errors can be correlated in an
arbitrary way, but as the society grows large, the average correlation
between the errors of different voters must become small.

Example: A culture is uncorrelated if b; j = 0 for all i # j and all B € ;.

In this case, ASYMPTOTICALLY WEAK AVERAGE CORRELATION is
obviously satisfied. (More examples later...)
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Theorem 1. Let (V,V,C, F) be a mean partition rule.

Let (R/)72, be a sophogenic culture for (V,V,C, F).

Let s € S (the true state). Let U C S be an open set containing s.
Forall I e N, let p; € Ry, and let

P, := Prob (F < Zv,) ceu ’ , 1 Is a pj-random prof:/e)

€T

Then Ilim P = 1.
— 00
In particular, if S is discrete (e.g. finite), then this limit holds if we define

1
P, := Prob <F (IZV,) =s ‘ (v;)!_, is a pj-random profile) )

i€l

Upshot: In a sophogenic culture, the outcome of F converges in probability
to the true state of nature, as the voting population becomes large.
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Example: The Condorcet Jury Theorem

The Condorcet Jury Theorem is a special case of Theorem 1.

To see this, let S = Viaj := {£1} and let F,j be as in Example 1 above.

—|1 ———Ca1—— —el/z - (‘) - J2 ———Ch——— +|1
Fix e > 0. Let ¢ := C_1 UCy1, where C_; :=[-1,—5] and C41 := [5,1].
Then CONTINUITY is satisfied.

Let R = (R/)72, be a culture such that, for all / € N, all p € Ry, and all
i €[1...1], we have p;(s|s) > 1 + € for both s € {&1}.
[Here, p;i : S—A(V) is projection of p onto ith coordinate.]

For any p € Ry, and for both s € {£1} it is clear that E[p;(s)] € Cs for all
i€[l...1]. Thus, Fiaj(E[pi(s)]) = s, so IDENTIFICATION is satisfied.

Finally, Vinaj is finite, so MINIMAL RELIABILITY is satisfied.

Thus, if R satisfies ASYMPTOTICALLY WEAK AVERAGE CORRELATION,
then Theorem 1 yields a Condorcet Jury Theorem for correlated,
heterogeneous voters (similar to Ladha, 1992).
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Let N> 2, and let S :={1,2,... N} (a set of N alternatives).

Let Vi, = RN and let Volu and Fpp, be as in Example 2 above.
Fixe>0. Foralls €S, let Cs := {r ¢ RN; ro > r, 4+ ¢ for all t # s}.
Let ' :=Cq1UCoyU---UCpy. Then CONTINUITY is satisfied.

Let R = (R/)72, be a culture such that, for all / € N, all p € Ry, and all
i€[l...1], we have p;j(v®|s) > pi(vi|s) +¢ for all s,t € S with s # t.

For all i € [1...1] and s € S, we have E[p;(s)] = (pi(1]s), ..., pi(N]s)) € Cs.
Thus, IDENTIFICATION is satisfied.



Example: The plurality CJT skie

Let N> 2, and let S :={1,2,... N} (a set of N alternatives).

Let Vi, = RN and let Volu and Fpp, be as in Example 2 above.
Fixe>0. Foralls €S, let Cs := {r ¢ RN; ro > r, 4+ ¢ for all t # s}.
Let ' :=Cq1UCoyU---UCpy. Then CONTINUITY is satisfied.

Let R = (R/)72, be a culture such that, for all / € N, all p € Ry, and all
i€[l...1], we have p;j(v®|s) > pi(vi|s) +¢ for all s,t € S with s # t.

For all i € [1...1] and s € S, we have E[p;(s)] = (pi(1]s), ..., pi(N]s)) € Cs.
Thus, IDENTIFICATION is satisfied.

Finally, V1 is finite. So MINIMAL RELIABILITY is satisfied.



Example: The plurality CJT skie

Let N> 2, and let S :={1,2,... N} (a set of N alternatives).

Let Vi, = RN and let Volu and Fpp, be as in Example 2 above.
Fixe>0. Foralls €S, let Cs := {r ¢ RN; ro > r, 4+ ¢ for all t # s}.
Let ' :=Cq1UCoyU---UCpy. Then CONTINUITY is satisfied.

Let R = (R/)72, be a culture such that, for all / € N, all p € Ry, and all
i€[l...1], we have p;j(v®|s) > pi(vi|s) +¢ for all s,t € S with s # t.

For all i € [1...1] and s € S, we have E[p;(s)] = (pi(1]s), ..., pi(N]s)) € Cs.
Thus, IDENTIFICATION is satisfied.

Finally, V1 is finite. So MINIMAL RELIABILITY is satisfied.

Thus, if R satisfies ASYMPTOTICALLY WEAK AVERAGE CORRELATION,
then Theorem 1 yields a polychotomous CJT: if each voter has some
minimal competency, and the voters are only weakly correlated, then the
outcome of the plurality rule will converge in probability to the correct
answer, as the population becomes large.
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Let N > 1. Let V = S be some convex subset of RV, and let Fyye be the
averaging rule (i.e. identity function) from Example 3.

CONTINUITY is satisfied (with C’' := &), because Fyye is uniformly
continuous, and the preimage of each point is a singleton.

Fix M > 0. Let R = (R)j2, be a culture such that, forall / € N, p € Ry,
and i € [1...1], we have E[pi(s)] = s and var[p;(s)] < M, for all s € S.

Then IDENTIFICATION and MINIMAL RELIABILITY are satisfied.

Thus, if 2R satisfies ASYMPTOTICALLY WEAK AVERAGE CORRELATION,
then Theorem 1 yields the Wisdom of Crowds principle for the estimation of
some vector-valued quantity: if each voter estimates the quantity, and these
estimates are weakly correlated, unbiased, and have finite variance, then the
arithmetic mean of the estimates of the voters will converge in probability
to the correct answer.
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Let S be a finite set. Let p: S—A(S) be a function.
Idea: For any s,t € S, p(t|s) is the probability that a voter believes the
true state is t, when it is actually s. (Call this the error model.)

Let V:=RS. For all r € S, define v" := (v!)scs € V by setting
vy :=log[p(r|s)], for all s € S.
Let V= {v'},es. Let C be the convex hull of V.

Let Fl’;g := Fger : C—S be the corresponding scoring rule (as in Example 5).
We will refer to this as a log-likelihood scoring rule.

Application: Suppose the voters are independent random variables.

If the error model has “enough symmetry”, then the outcome of Fl’;g will be
the maximum likelihood estimator (MLE) of the true state of nature.
Conversely, any scoring rule is a log-likelihood rule for some error model. In
many cases, these are actually MLEs (Pivato, SC&W, 2011, Thrm 2.2(b)).
Example. (a) The Kemeny rule is the MLE for a natural error model on
the space of preference orders (Young, 1986, 1988, 1995, 1997).

(b) The generalized median rule is the MLE for any exponential error model
on any “homogeneous” metric space (Pivato, SC&W, 2011, Corollary 3.2).
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the true state of nature, with probability arbitrarily close to 1.

Example: Let S be the space of preference orders on some set of
alternatives. Then this conclusion holds for the Kemeny rule, given the
error model proposed by Young (1986-97).

Proof sketch: If p(t[s) >0 forall t,s € S, then F7,
with respect to any populace P.

Fix e > 0. Forall se€ S, let Cs :={c€C; ¢ > ct+ ¢ forall t #s}.

satisfies MINIMAL RELIABILITY

If C¢ := U,es Cs, then F7_ satisfies CONTINUITY when restricted to C;.

If e and & are small enough, then F?_ satisfies IDENTITY with respect to Pp,s, when
restricted to C..
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In all these examples, the culture $R satisfied CONTINUITY and
IDENTIFICATION with respect to some subset C' C C.

If R does not satisfy these two conditions, then epistemically useful social
choice is probably impossible —the voters are just too foolish.

Thus, the key conditions are MINIMAL AVERAGE RELIABILITY and
ASYMPTOTICALLY WEAK AVERAGE CORRELATION, which are both
conditions on the correlation structure of the culture.

Definition. A correlation structure 5 is sophogenic if it satisfies MINIMAL
AVE. RELIABILITY and ASYMPT. WEAK AVERAGE CORRELATION.

Question: What sort of correlation structures are sophogenic?
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Let Z:=[1.../]. Let “~" be a graph (symmetric, reflexive binary relation) on Z.

Idea: If i ~ j, then i and j are somehow “socially connected” (e.g. friends,
family, colleagues, etc.).

We will refer to ~ as a social network.

Problem. We cannot assume that we know the exact topology of the
social network. We can only know certain broad qualitative properties....

Definition. A social web is a sequence 9t = (N))72;, where, for all | € N,
N is a set of possible social networks of size /.

Let ~ be some network. For any i € Z, define deg (i) :=#{j € Z;, i~ j}.

The degree distribution of the network “~" is the probability distribution
t~ € A(N) such that, for all d € N,

o(d) = %#{/ €T: deg (i) = d}.
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Let p. € A(N). The social web 9t has asymptotic degree distribution pu, if
Iim sup{D(u~); ~e Nj} = 0,

where D(u~.) : Zn | (n) — pi(n)].
Example. Empmcally, many social networks have a power law distribution:
K
ue(d) = Jo for all d € N.

where @ > 1 and K := (D77, d*)7t. (Typically, 2 < a < 3.)

Definition. Let (B;);2; be a correlation structure. Let (N})52; be a social
web. Say (B/)§2; is subordinate to (N})§2; if:
» For any / € N and B € B, there is some ~ in N such that, for all
i,j€[l...1], we have b;j # 0 only if i ~ J,
» There is some M > 0 such that, for any / € N and B € B, we have
|bij| < M forall i,je[l...1].
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Proposition 2. (“Social network cultures can be sophogenic™)

Suppose a social web N has a well-defined asymptotic degree distribution
as |—oo. Then any correlation structure subordinate to )t is sophogenic.
(So Theorem 1 applies to such cultures.)

Remark: Proposition 2 does not say that “all cultures arising from social
networks are sophogenic”. It may be that the social web 1 has no
asymptotic degree distribution as /—oc0.

Nonexamples. Erdos-Renyi random graphs, “star” networks....
In these cases, there is no asymptotic degree distribution as /—00. So
Proposition 2 does not apply

However, Proposition 2 does apply to the sort of social network topologies
which arise in practice (e.g. power law degree distributions).



Part IV

DeGroot models of social influence
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Dialogues and demagogues

Let G := [gjj]ijez be an | x | stochastic matrix.
Thatis, gij >0 forall i,j€Z, andforall i€ Z, > g, = L.
JET
Idea: g;; is the “influence” of individual j on individual i (DeGroot, 1974).

Foranyj€Z letg;:= %Zgw = [“average influence” of individual j].
i€z

Define the demagoguery index of G by 0(G) := max{g|}jcz-

Issue. We do not know G. We only know that it comes from some family...

Definition. A dialogue is a sequence & = (G,){2;, where for all | € N, G, is
a family of | x [ stochastic matrices (i.e. “possible influence structures”).

Dialogue & is nondemagoguic if there is a function § : N—R, such that:

(ND1) (/) = o (1/\ﬂ) —that is, lim 3(/)v7 = 0; and

(ND2) For all I € N, all G € G; we have §(G) < (/).
Idea: In large societies, the average influence of each individual is small;
there are no “demagogues”.
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Suppose V is a convex subset of a vector space V.
Let V= (v;)/_; € V. Let G be an | x I stochastic (“influence”) matrix.
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I
Define G-V := (vf-)le, where, for all i € Z, v = ngJ V).
j=1

Idea: v; = [voter i's initial opinion]. vi = [voter i's final opinion] =
[weighted average of the initial opinions of all voters] (due to influence).
Let p : S—A(V') be an uncorrelated CBM. Fix s € S. Let V = (v;)!_,
be a p(s)-random profile. Then G-V is a (correlated) random profile.

Let G ® p(s) denote the probability distribution of G - V.

If we do this for all s € S, then we obtain a (correlated) collective
behaviour model, which we denote by G ® p : S—A(V').

Definition. Let (G;)72; be a dialogue. Let (P;)72; be an uncorrelated
culture. For all I € N, define G, 0P, := {GOp; Ge G and p € P} }
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Sophogenesis survives dialogue

Let & = (G/){2, be a dialogue. Let P = (P;);2, be an uncorrelated
culture. For all I € N, let

GoP = {Gop,; Geg andpe P}

Idea:
» P; = the possible collective behaviour models before any social
influence (i.e. as if individuals were socially isolated from one another).
» G; = the possible networks of social influence which could occur.
» G; ® P; = the possible collective behaviour models which could appear
after the propagation of the social influences described in G;.
Define the culture & ©P := (R;)72,, where, for each | € N, R; := G, ©®P;.

Proposition 3 (“Sophogenesis survives dialogue”)

Let (V,V,C, F) be a mean partition rule, where V is a convex subset of V.
Suppose that an uncorrelated culture 3 is sophogenic for (V,V,C, F).

If & is a nondemagoguic dialogue, then the culture & ® B is also
sophogenic for (V,V,C, F). (Thus, Theorem 1 applies to the culture & ® ).
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We have developed a general theory of large population epistemic social
choice, which encompasses both the CJT and the WoC, as well as other
epistemic voting systems (e.g. plurality rule, log-likelihood scoring rules).

Other applications: Probability aggregation.
Upshot: Large populations have a high probability of finding the truth.

This result survives correlations between voters, as long as these
correlations are “not too strong”.  Concrete examples include:

» Social networks with asymptotic degree distributions.

» DeGroot models of social influence which are “nondemagoguic”.

Other models:
» DeGroot model combined with “meritocratic institutions”, where
smarter voters get more influence.
» Hierarchies of “opinion leaders” and followers (a special case of DeGroot).
» Culture having “subcultures” with strong internal correlations (bad).
Other results:
» Tradeoff between group size and average voter competency.
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